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This work is concerned with a generalized solution method for high-dimensional dynamic stochastic economic models. The
introduced method utilizes dimensional decomposition with sparse grid approximation to formulate a massively parallelized
computational framework. The algorithm is applied on high-dimensional economic models, with testing conducted at the Swiss
National Supercomputing Centre. Our results show that the method can effectively mitigate the so-called “curse of dimensionality”,
allowing for computability of models with up to 200 continuous dimensions.

Index Terms—Computational Economics, Dynamic Models, Sparse Grid, Dimensional Decomposition, Large-Scale Computing.

I. INTRODUCTION & PROBLEM FORMULATION

Modeling the economy is a challenging problem — even
the simplest assumptions can result in a complex system. One
of the underlying complications is the degree of heterogeneity
in the model, for example, countries, firms or sectors. Models
with substantial heterogeneity result in an equivalently high-
dimensional system, and as such are subject to the “curse-of-
dimensionality”. In this work we contribute a model indepen-
dent, highly parrallelized interpolation method, that is applied
in solving the global optimal policies for dynamic stochastic
models of unprecedented complexity.

Consider the states of the economy described by a d-
dimensional stochastic state space X ⊂ [0, 1]d. We denote
the optimal policy function as a mapping p : X → Y , where
Y is the space of all possible policies. The evolution of the
current state of the economy xt ∈ X is described by state
transition

xt+1 ∼ D(·|xt, p(xt)), (1)

where the predefined distribution D(·) is model specific. The
optimal policy function p(·) is the desired unknown and
is enforced to satisfy the zero period-to-period equilibrium
conditions E(·). The optimal policy is time invariant, such
that

E [E(xt, xt+1, p(xt), p(xt+1))|xt, p(xt)] = 0 ∀t, (2)

where E the expectation operator taken on the distribution
D(·|xt, p(xt)) [1], [2], [7], [9]. To solve the global optimal
policy, we require a global interpolant, which is infeasible
with classical discretization techniques. For example, with
10 grid-points in each dimension, a 100-dimensional model
would require solving 10100 sets of m-dimensional nonlinear
equations, were m is model specific and can be large.

II. FUNCTION APPROXIMATION

To form an efficient interpolation method we use dimen-
sional decomposition [11] in conjunction with sparse grid
approximation [4], here on referred to as DDSG. The com-
plementary advantages of the two methods has been studied
by various authors [10], [13], [5]. We further this topic by

showing that this synergy is also present from a computational
standpoint, which can be exploit for massive parallelism.

A. Adaptive Sparse Grids
Consider a d-dimensional function f : x → R, where x ∈

[0, 1]d. The sparse grid interpolant is constructed based on the
Symolyak algorithm. Let Ik be the collection of grid-points
at a specific hierarchical incremental subspace k ∈ Nd

+. If the
function in question has bounded second partial derivatives, it
can be shown that the sparse grid interpolant

f(x) ≈ SG` f(x) :=
∑

‖k‖1≤`+d−1

∑
i∈Ik

αi,kΦi,k(x), (3)

at maximum refinement level `, is optimal for both ‖ · ‖2
and ‖ · ‖∞ error measures [4], [5]. The d-linear hat function
Φi,k(·) (other basis can be used [3]) and hierarchical surpluses
αi,k are specific to grid-point i in subspace k. In contrast
to the classical full-grid, the sparse grid approximation error
is slightly higher while the number of grid-points drastically
decrease from O(h−d) to O(h−1 log(h−1)d−1), where h is an
equidistant discretization step size. To cope with nonsmooth
features we leverage the magnitude of α as error measure,
allowing for local grid refinement where necessary. Adopting
this heuristic approach, we refer to the method as adaptive
sparse grids [1], [2].

B. Dimensional Decomposition with Adaptive Sparse Grids
Dimensional decomposition targets the underlying problem

of high-dimensional systems by representing the problem as a
finite sum of |u|-dimensional component functions fu : xu →
R [11]. The resulting summation,

f(x) =
∑
u⊆S

fu(xu), (4)

is indexed by the set u ⊆ S, where S := {1, 2, . . . , d}. We
refer to xu as the elements of the input variable x, which
correspond to the indices of the set u. Let fu and gv be real
valued, square-integrable functions over x ∈ [0, 1]d equipped
with the inner product,

〈fu, gv〉w :=

∫
fu(xu)gv(xv)w(x), (5)
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and respective norm ‖fu‖2w = 〈fu, fu〉w. This variate of
the decomposition, referred to as high-dimensional model
representation (cut-HDMR) [11], employs the Dirac Delta as
the weight function w(x) :=

∏d
i=1 δ(xi − x̄i)dxi, where

x̄ = [x̄1, . . . , x̄d] is the reference point within the domain. Like
u, the indices v are an arbitrary subset of S. The component
functions can be derived by minimizing the error functional
of eq. 4 [8], [6], [12]. To leverage the advantages of sparse
grids we use an approximation of the component function,

fu(xu) ≈ SG`f(x)|x=x̄\xu
−

∑
v⊂u

fv(xv). (6)

This DDSG component function is now a nested summation
of sparse grid interpolations. The notation x = x̄\xu refers to
assigning x the values of x̄ but excluding the indices of u.
Using an adaptivity criterion, the combinatorial expansion of
eq. 4 is truncated to some maximum expansion order r ≤ |u|
[10], [13]. This hybrid interpolation program provides both
a reduction of the problem dimensionality but also the gains
from the efficiently approximated component functions.

III. IMPLEMENTATION & RESULTS

The global policy formulation of eq. 2 is a fixed-point
problem [7] which is iteratively solved, starting with a guessed
policy interpolant p0. The new policy interpolant is constructed
from the old, and the process is repeated until convergence.
The computational kernel of the problem is dependent on

Fig. 1. First level of parallelism from cut-HDMR (top) uses MPI_Groups
and provides completely separable computation (dashed boxes). Sparse grid
routine offers the second level of parallelism (bottom), utilizing MPI and
Intel(R) TBB with synchronization of resources at every refinement level.

the fast interpolation of the previous policy function; there-
fore, parallelization of the DDSG has direct impact on the
time to solution. Two levels of parallelism are present in
the routine, each corresponding to the underlying method,
as show in Figure 1. The compute resources are structured
in MPI_Groups, with each component function allocated
respectively. The intrinsic parallelism of eq. 4 allows minimal
synchronization and multiple sparse grids to be computed,
each of which utilizing both MPI and Intel(R) TBB.

Experiments have been conducted on the Piz Daint system
at the Swiss National Supercomputing Centre, with strong
scaling observed for up to 1, 000 nodes, top panel Figure 2.
The iteration time for policy interpolation is used as a measure
of performance. The results show that, in comparison to pure
sparse grid approximation, DDSG is 28× faster per iteration
for a 200-dimensional model, bottom panel Figure 2.
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Fig. 2. Strong scaling (top) for 50-dimensional model using DDrSG`, where
r and ` are the max cut-HDMR expansion order and sparse grid refinement
level, respectively. Per iteration speedup (bottom) for DD1SG3 over SG3.

IV. CONCLUSION

The developed DDSG framework has been applied for
solving high-dimensional dynamics stochastic models with
excellent scalability properties up to at least 1, 000 nodes for
relatively small problems. Moreover, compared to ordinary
sparse grids, a significant 28× per iteration speedup has been
observed. Using DDSG we are able to solve exceptionally
large models that push the bounds of computable economic
models. The degree of parallelism exploited in this method
allows for efficient utilization of supercomputing resources and
applicability in large-scale economic problems.
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